The generalization of the BFKL equation for the case of non-forward scattering is considered. The kernel of the generalized equation in the nextto-leading approximation is expressed in terms of the gluon Regge trajectory and the effective vertices for particle production in Reggeon collisions. The "bootstrap" equations for the gluon Reggeization are presented.
Introduction
remains that it is correct. Nevertheless, strictly speaking, the "bootstrap" cannot be considered as a rigorous proof. Therefore, such a proof was specially constructed in Ref. [17] . In the NLLA till now we have only the simple check of the Reggeization in the first three orders of perturbation theory in α S [12] .
In this paper we present the representation for the scattering amplitudes in In the next Section we discuss the meaning of the gluon Reggeization. In Section 3 we show the representation of the scattering amplitudes in terms of the impact factors and the Green function. In Section 4 the "bootstrap" equations are derived.
The summary is given in Section 5.
The gluon Reggeization in QCD
The notion "Reggeization" of elementary particles in perturbation theory is usually related to the absence of non analytic terms in the complex angular momentum plane [1] [2] [3] . We use this notion in a much stronger sense. Talking about the gluon Reggeization in QCD we mean not only the existence of the Reggeon with gluon quantum numbers, negative signature and trajectory
passing through 1 at t = 0. We mean also that in each order of perturbation theory this Reggeon gives the leading contribution to the amplitudes of the processes at large relative energies of the participating particles and fixed (i.e. not increasing with s) momentum transfers.
Let us explain this in more details. Consider the elastic scattering process A+B → A ′ + B ′ at large s and fixed t:
For the sake of brevity, the term "gluon Reggeization" used by us means that the elastic scattering amplitude with the gluon quantum numbers in the t-channel has the Regge form
Here c is a color index and Γ c P ′ P are the particle-particle-Reggeon (PPR) vertices which do not depend on s. Notice that the form (3) represents correctly the analytical structure of the scattering amplitude, which is quite simple in the elastic case.
In the derivation of the BFKL equation it is assumed that this form is valid in the NLLA as well as in the LLA.
Together with the form (3) of the elastic amplitude the derivation of the BFKL equation in the LLA and NLLA is based on the Reggeized form of production amplitudes in the multi-Regge kinematics (MRK). For the production of n particles with momenta k i , i = 1 ÷ n, in the process A + B →Ã +B + n this kinematics implies that the invariant masses of any pair of produced particles are large and all the transferred momenta are fixed (not increasing with s). More definitely, let us put pÃ ≡ k 0 , pB ≡ k n+1 and introduce the Sudakov decomposition
where p 1,2 are the light cone momenta such that
(we admit all particles to have non zero masses, reserving the possibility to consider each of them as a compound state or as a group of particles) and the vector sign is used for the transverse components. Then in the MRK we have
Due to Eqs. (4)- (6) the squared invariant masses
are large compared with the squared transverse momenta of the produced particles, which have the order of the squared momentum transfers:
where
and the product of s i is proportional to s:
It is necessary to remind that, contrary to the elastic amplitude, the production amplitudes have a complicated analytical structure (see, for instance, Refs. [10, 18] ).
Fortunately, only the real parts of these amplitudes are used in the derivation of the BFKL equation in the NLLA as well as in the LLA. The term "gluon Reggeization"
used by us means that the real parts of the production amplitudes in the MRK have a simple factorized form and can be presented as
Here γ
(q i , q i+1 ) are the so-called Reggeon-Reggeon-particle (RRP) vertices, i.e.
the effective vertices for the production of the particles P i with momenta
in the collision of the Reggeons with momenta q i and q i+1 and colour indices c i and In the LLA only one particle can be produced in the RRP vertex, and since our Reggeons are Reggeized gluons, this particle can be only a gluon. The situation is quite different in the NLLA. In this case we have to consider the so-called quasi-multi-Regge kinematics (QMRK) [9] , where any (but only one) pair of the produced particles has a fixed (not increasing with s) invariant mass. We can treat this kinematics using the effective vertices γ
(q i , q i+1 ) [9, 13] and γ
(q i , q i+1 ) [13, 15] for the production of two gluons and a quark-antiquark pair respectively in Reggeon-Reggeon collisions, as well as the effective vertices Γ c P * P for the production of the "excited" state (containing an extra particle) in the fragmentation region of the particle P in the process of scattering of this particle off the Reggeon. Intro-ducing these vertices the production amplitudes of n + 1 particles in the QMRK are given by Eq. (11) with one of the vertices γ
substituted with the vertices γ
or Γ c P * P respectively. Since in the limit of large invariant masses of all pairs of the final state particles the QMRK amplitudes must turn into the MRK ones, in this limit the effective vertices γ
satisfy the factorization properties
, where l 1,2 are the momenta of the produced gluons. The vertices Γ c P * P in the case in which the "excited" state P * contains the gluon, i.e. P * = GP , have the property
at (p P l) ≫ (p P pP ), l being the gluon momentum and q = p P − pP .
The BFKL equation is straightforwardly obtained [6] if the amplitudes (3) and (11) are used in the unitarity relation for the s-channel imaginary part of the elastic scattering amplitude. Remind that the representations (3) and (11) for the amplitudes with the gluon quantum numbers in the t i -channels were rigorously proved [17] in the LLA.
The generalized BFKL equation in the NLLA
Decomposing the elastic scattering amplitudes A
AB in the parts with definite irreducible representation R of the colour group in the t-channel:
and using the amplitudes (11) and their generalization for the QMRK, we get for the s-channel imaginary part of the amplitudes A R (details will be given elsewhere)
(− q 2 ; − q; s 0 ) . (15) Here s 0 is the energy scale (which can be, in principle, arbitrary), the index ν enumerates the states in the irreducible representation R, Φ (R,ν) P ′ P ( q 1 ; q; s 0 ) are the impact factors and G (R)
is the Mellin transform of the Green function for the Reggeon-Reggeon scattering. The impact factors and the Green function appear as the generalization of those defined in Refs. [16, 19] for the case of non-forward scattering and non-vacuum quantum numbers in the t-channel. The Green function obeys the equation
Here the kernel (17) is given as the sum of the "virtual" part, defined by the gluon trajectory, and
r , related to the real particle production in Reggeon-Reggeon collisions. The "real" part can be written in the NLLA as
In this equation A (R) (q 1 , q 2 ; q) is the scattering amplitude of the Reggeons with initial momenta q 1 and −q 2 and momentum transfer q, for the representation R of the colour group in the t-channel, s RR = (q 1 − q 2 ) 2 is the squared invariant mass of the Reggeons; K (R)B r ( q 1 , q 2 ; q) is the part of the kernel at the Born (i.e.
LLA) order related to the real particle production, which is given by the first term in the R.H.S. of Eq. (18) (18), because of the factorization property (12) of the two gluon production vertex.
The impact factors can be expressed through the imaginary part of the particleReggeon scattering amplitudes. In the NLLA the representation takes the form
In Eq. (19) s P R = (p P − q R ) 2 is the squared particle-Reggeon invariant mass while
(p P , q R ; q; s 0 ) is the s P R -channel imaginary part of the scattering amplitude of the particle P with momentum p P off the Reggeon with momentum −q R , q being the momentum transfer. The argument s 0 in the impact factor and in the amplitude shows that these two quantities depend on the energy scale s 0 of (18), is convergent, so that the parameter s Λ does not play any role. In the NLLA the independence of the impact factors from s Λ is supplied by the factorization properties (12) and (13).
The imaginary parts of the Reggeon-Reggeon and particle-Reggeon scattering amplitudes, entering Eqs. (18) and (19) respectively, can be expressed in terms of the corresponding vertices, with the help of the operatorsP R for the projection of two-gluon colour states in the t-channel on the irreducible representations R of the colour group. We have (20) where n R is the number of the states in the representation R, γ
is the effective vertex for the production of the particles {f } in Reggeon-Reggeon collisions, dρ f is their phase space element,
and q ′ i = q i − q. The sum over {f } in Eq. (20) is performed over all the contributing particles {f } and over all their discreet quantum numbers. In the LLA only one-gluon production does contribute; in the NLLA the contributing states include also the two-gluon and the quark-antiquark states. The normalization of the corresponding vertices is defined by Eq. (11).
For us the most interesting representations R are the colour singlet (vacuum) and antisymmetric colour octet (gluon) ones. We have for the singlet case
and for the octet case
where f abc are the structure constants of the colour group. The above matrix elements can be decomposed as
with
This decomposition allows to write the imaginary part of the scattering amplitude of the particle P off the Reggeon in the form
where Γ c {f }P are the effective vertices for the production of the states {f }. Their normalization is fixed by Eq. (11) . At the parton level the contributing vertices are the PPR vertices Γ c P ′ P which have to be taken in the one-loop approximation [10, 11] , the vertices Γ c GP P for the gluon emission in the fragmentation region and the vertices Γ c QQG for the gluon → quark-antiquark transition [12] . It is worthwhile to stress that for the case of the singlet representation R the expression (19) for the impact factors, together with Eq. (27), is valid for colorless objects (at the hadron level) as well. For small size objects (such as a photon with large virtuality) the impact factors can be calculated in the perturbation theory.
The bootstrap condition
Let us compare the s-channel imaginary part of the amplitude (3) with the imaginary part given by Eq. (15) in the case of the gluon representation in the t-channel.
In the LLA from Eq. (3) we get
where the index (B) denotes the Born (LLA) expression and ω (1) stands for the gluon trajectory calculated with the one-loop accuracy:
The R.H.S. of Eq. (28) coincides in the LLA with the one of Eq. (15) due to the properties of the LLA impact factors and the Green function:
independently of q 1 , q 2 , and
Applying these properties the imaginary part shown in Eq. (15) in the NLLA be-
where K (8) (1) and Φ (8,c) (1) P ′ P are the next-to-leading contributions to the kernel and to the impact factors respectively for the gluon quantum numbers in the t-channel. If now we require that this expression coincides with the imaginary part of the Regge form (3) in the NLLA:
where Γ
c (1) P ′ P is the one-loop correction to the PPR vertex and ω (2) (t) is the two-loop contribution to the trajectory, we arrive at the following bootstrap equations:
and
Summary
In this paper we have considered the scattering amplitudes in QCD at high energy √ s and fixed momentum transfer √ −t in the next-to-leading approximation in ln s. Due to analyticity and crossing properties Eqs. (14) and (15) trajectory and the Reggeon-particle vertices which were used also in the derivation of the BFKL equation for the forward scattering in the NLLA [16] and are known.
The requirement of the self consistency of the derivation of the BFKL equation, based on the gluon Reggeization, is expressed by Eqs. (34) and (35). Since the BFKL equation is very important for the theory of Regge processes at high energy √ s in perturbative QCD, these equations should be checked. All quantities entering these equations are unambiguously defined. The gluon Regge trajectory ω (t) is known with the two-loop accuracy [12] . The one-loop correction K (8) (1) to the kernel is given by Eqs. (17), (18) and (20) in terms of the trajectory and the effective vertices for the particle production in Reggeon-Reggeon collisions. All vertices entering these equations were calculated with the required accuracy: the ReggeonReggeon-gluon vertex in Ref. [10] , the vertices for the two-gluon production in
Refs. [9, 13] and the vertices for the quark-antiquark production in Refs. [14, 15] . The PPR vertices entering the second bootstrap equation, i.e. Eq. (35), were obtained with the one-loop accuracy in Refs. [10, 11] . Finally, the one loop correction Φ (8,c) (1) P ′ P to the impact factors is expressed by Eqs. (19) and (27) in terms of the PPR vertices and the vertices for the production of the "excited" states in the fragmentation regions. For the cases where the initial particles are quarks and gluons these vertices can be found in Ref. [12] .
The explicit check of the validity of Eqs. (34) and (35) will be the subject of subsequent publications.
